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ABSTRACT /Y@ 
n The powers 1: of the distance between two points specified by 

spherical polar coordinates relating to two different origins, or  of 

the modulus of the sum of three vectors, are expanded in spherical 

harmonics of the angles. 
differential equations, and can be expressed in terms of Appell ftlnctions 

F4 
discussed by Buehler and Hirsehfelder the expressions are valid for 

integer values of n 2 -1 , but in the other regions for arbitrary n. 
For high orders of the harmonics individually large terms in the overlap 

region may have small resulting sums; as a consequence the two-center 

expansion is of limited usefulness for the evaluation of molecular 

integrals. 

The radial factors satisfy simple partial 

and Wigner or Gaunt's coefficients. In the overlap region first 

Expansions are also derived for the 3-dimensional delta function 

within the overlap region, and for arbitrary functions f(r) , valid 
? .  outside that region. .< t 3 
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THE TWO-CENTEREXPANSION FOR THE POWERS OF THE 

DISTANCE BETWEEN TWO POINTS 

1. In t roduc t ion  

The inve r se  dist .ance between two p o i n t s  Q, and Q, s p e c i f i e d  

by t h e  p o l a r  coord ina tes  (rlJ 1) and ( r 2 >  8 2 ,  7 2 )  with respect 

t o  a common o r i g i n  0 

powers of 

d i r e c t i o n  cos ine  (cos 8,,) . 
is given by t h e  well-known Laplace expansion i n  

and i n  terms of Legendre polynomials of t h e  mutual r< /'> 
For powers o the r  t han  t h e  inve r se  f i r s t  

L L  

analogous expansions e x i s t  e i t h e r  i n  powers of r < /r, o r i n  P (cos Ql2) ; 1! w 

i n  t h e  former case t h e  angular  dependence i s  given by Gegenbauer poly- 

nomials of (cos 8 )'; i n  t h e  l a t t e r  case the  writer has  shown i n  two 12 
r ecen t  pape r s tha t  t h e  r a d i a l  dependence can be expressed by means of 

Gauss'hypergeometric func t ion  
2 

I n  many phys ica l  

p o s i t i o n s  of  Q and 

o r i g i n s  O1 and 0, 

d e f i n i n g  4 = O are 

1 

problems it  i s  more convenient t o  express  t h e  

Q, i n  sphe r i ca l  po la r s  about two d i f f e r e n t  

i n  such a way t h a t  t h e  po la r  axes and t h e  p lanes  

kept  p a r a l l e l .  I f  t h e  coord ina tes  of 0, wi th  
L 

are given by (r = a: 8 ) , expansions f o r  t h e  O 1  3 r e spec t  t o  

inve r se  d i s t a n c e  i n  terms of s p h e r i c a l  harmonics of t h e  angles  have 

L. Gegenbauer, Wiener S i tzungsber ich te ,  70, 6, 434 (1874), 75, 891 
(1877) .  

1 

R. A. Sack, Univers i ty  of Wisconsin, TCI  Reports,  Nos. 20 and 24, 
r e f e r r e d  t o  as I and I1 respec t ive ly .  

2 
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been given by Carlson and Rushbrooke, by Rose and by Buehler and 

H i r ~ c h f e l d e r ~ - ~ .  

s p e c i f i c  d e f i n i t i o n  of t he  s p h e r i c a l  harmonics; i n  t h e  present  context  

t he  most u se fu l  are t h e  unnormalized forms 

The p rec i se  form of t h e  expressions depends on t h e  

( 2 4  

and t h e  normalized form 

Buehler and Hirschfe lder5  cons ider  i n  d e t a i l  t h e  case 8, = 0 
and put 

They have shown t h a t  t he  form of t h e  r a d i a l  func t ions  

according t o  t h e  r e l a t i v e  va lues  of 

i n  f a c t ,  four  d i s t i n c t  regions def ined  by t h e  fol lowing i n e q u a l i t i e s  

(see f i g u r e  la): 

B d i f f e r s  

r3 = a ; t h e r e  are, rl , r2 and 

B. C. Carlson and G o  S .  Rushbrooke, Proc. Cambridge P h i l .  S O ~ . ,  46, 
215 (1950). 

M. E. Rose, J. Maths. and Physics ,  -. 37, 215 (1958). 

a. R. J .  Buehler and J. 0. Hi r sch fe lde r ,  Phys. Rev., 83, 628 (1951); 
b. i b i d .  85, 149 (1952). 

J. 0. Hirschfe lder ,  C. F. C u r t i s s  and R. B. Bird,  Molecular Theory 
of Gases and Liquids  (J. Wiley and Sons, New York, 1954). 
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so:  1r1-r21 ,< r3 < rl + r - 
2 ’  - 3 ’  S:r z r 2 + r  1 1  

S2:r2 2 r + r 1 3 ’  S:r > r  +r2 . 3 3  1 

The same arguments apply to the more general expansions for arbitrary 

values of the angle 8, and of the power n of r . 

(5) rv.J 

if either of the definition (2a) or (2c) is used for the spherical 
harmonics, the corresponding radial functions differ from those in (5) 

by constants only; the subscripts 0 or Y will be added to 2R in 

such cases. 

p z pi For the inverse first power, n = -1 , the functions 
vanish in each of the “outer” regions Si (i = 1,2,3) unless 

1. 1 = { + < ;  e > ,  s -  

and 

(s = 1,2,3) ; (6b) 

throughout this paper (i,j,k) denote permutations of (1,2,3) . 
If ( 6 )  is satisfied, 2Ri consists of a single term 

where the coefficients *Ki can be expressed in terms of Wigner 
coefficients3’4 or as ratios of factorials 5,6 . 

For the overlap region So , Buehler and Hirschfelder5j6 found 
an expression for B as a double power series in rl/a and r2/a 

for which they tabulated the coefficients as ratios of integers for 

0 5 m 5 t1 ,< e, 5 3 . 
0 

They could not derive a generally valid formula 
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5b in this region, though in their later paper 

cumbersome) generating function for the function B 

they gave a (rather 

0 

The aim of the present paper is to derive generally valid expres- 

sions for B or R in all the regions; but for the sake of greater 
0 2 i  

symmetry the vector r = (r, 9. 7) 
not the vector QIQ2 , i.e. r + r - but the vector sum 

the factor ( - ) ‘ I  ’. 
solutions of sets of partial differential equations; they can be ex- 
pressed in terms of the Appell functions 

tion to two variables of the hypergeometric function (1): 

in (5) will be understood to mean, 
N 

ry2 A.3 21 
9 r +:3 ; the corresponding radial functions R differ only by :1 -2 2 

As in I and 11, the functions are derived as 

F4 > which form a generaliza- 

summed over all non-negative values of u and v e The theory of 

these functions is given in detail in the monographs by Appell and 
Kampe de Feriet7”; most of the relevant formulas are to be found in 

Chapter 5 of the Bateman Manuscript Project’, but for the benefit of 

the reader, all the formulas utilized in the present paper will be 

collected in the Appendix. The differential equation do not involve 
the azimuthal quantum numbers m , and hence the nature of the functions 
R does not depend on these numbers; they can only affect the leading 2 
coefficients. In the outer regions these constants can be determined 
from the results of I and 11, and in the inner region 
by means of certain linear relations between Appell functions along 

critical lines. They can be expressed, as in I& by means of 3j-symbols, 
Wigner coefficients, or integrals of triple products of spherical 
harmonics (Gaunt’s coefficients) 

/ / 

So indirectly, 

10-11 

J ’ Po Appell, Sur les fonctions hypergeometriques de plusieurs variables, 
Mgmorial des Sciences Mathgmatiques, Fasc. 113 (Gauthier-Villars, 
Paris, 1925). 

P. Appell and J. Kampe de Fgriet, Fonctions hypergedmetriques et 
hypersphgriques, Polyn2mes d e  Hermite (Gauthier-Villars, Paris, 1926). 

Bateman Manuscript Project, A. Xrdllyi ed., Higher Transcendental 
Functions, (McGcawt Hill, New York, 1953) ; referenced directly 
by the prefix B. 

/ 

lo See refs. 3-5 and 10 of 11. 

J. A. Gaunt, Phil. Trans. Roy. SOC. A. 228, 157 (1929). 
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It is found that for n = -1 the functions 2R Z 2Ro appear 

with non-zero coefficients whenever in the region 

so that by confining attention to this case it would not be possible 
to determine the leading coefficients in this region, unless at least 
one of the equations (6a) is satisfied. In consequence the general 

case (5) is considered from the start; the resulting formulas are valid 

for arbitrary values of n in the outer regions, but in So only for 
integer n 2 -1 . The formulas obtained for S1 , S2 and Sg can be 

put into an operational form which permit generally valid expansions to 

be derived in these regions for any function of r ; this will be done 

in section 4. 
-1 applied to the expansion for r does not vanish; this gives an 

analogous expansion for the 3-dimensional Dirac delta function and its 
derivatives . 

! 

Within So , on the other hand, the Laplacean operator 

* 
2. Mathematical Derivation 

n The functions 1: satisfy the differential equation 

2 n  2 n  2 n- 2 v1 (r = v2 (r = v3 (rn) = n(n+l)r 

which when substituted into ( 5 )  yields 

13.5 S 

Furthermore 

p ,  ( a R(n, p,,> = invariant (s = 1,2,3) - -  
(1 la) 

S r ar 
S 

n(n+l) 2R(n-2,t,m) . 
. y Y  

all the *R are homogeneous functions of the variables 

they are regular as r 
'i j 

r of degree n , and in the region 
and r tend to zero; hence they must be of the form 

S 

k 



ej tRr *-$-P, Gi(n, e,m;r ./ri,rk/ri) R =  1: 
j k i  n -  J 2 i  

where 

Substitution of (11) into (12) and (13) leads to the recurrence rela- 

t ions 

= n(n+l)C (n-2) . 
P 

This defines Gi as an Appell function F4 in the variables 

J = r 2/r 7 = r:lri 2 :  j i '  

where we abbreviate 

In view of (lla) and (12), it is easily shown that the function 
satisfies the set of differential equations of Appell's function 

Hence, 
Gi 
(A2) with the variables and parameters defined in (15)-(17). 

according to (A3) ,  the complete set of solutions satisfying the 
differential equations for R(n,l,m) becomes 2 * # u  
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i Here the first subscript in notation pit indicates which radius r 

? '  occurs in the denominator of the definitions (15) for 

and the second subscript shows that Yit/ri becomes singular as 
r -40 ; if t = 0 this ratio becomes singular whichever radius 
tends to zero. Further we denote the function 2R in the region 

2 and 
n 

t 

sW 
by 2Rw as in (12), and Kwit the coefficients of (18) in the 

expression for 2Rw : 

In view of (Al) the Appell functions in the outer regions are convergent 

only if i = w , and the regularity of R for small values of r 

and r requires that the solution is of the form (12), 
2 i  j 

k 

= Ki (20) - S O  , t # i ; Kiii 
Kiit 

In the region So 

in those cases in which (18) leads to useful expansions the choice of 

the series are always divergent unless they terminate; 

i is somewhat arbitrary. The nature of the functions 9 of (19) 
being known from (18), it remains to calculate the coefficients 

and Koit . Ki 
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to we provisionally combine :j * r k  To determine Ki in Si 

a vector (rjk, Ojk, ; then according to (19) of I and the addition 
theorem for the P (B 3.11.2) we have 

This expression involves r only through the solid harmonics 
jk *' ; both factors are 

jk 
and through positive even powers r e 

rjk 
If these products, in turn, are regular functions of r and rk . 

from ( 5 )  and (32)-(34) of I1 that the lowest power 2 V  which contributes 

to terms for which 1. + tk - = 2 x  occurs for 9 = , irrespective 
of n . We have from (5) and (30) of 11: 

j 
expanded in spherical harmonics of ( gj' Yj) and ( 'k, yk) J we see 

J 

11 where I, is Gaunt's coefficient 

If 'we put / =  Pi , m = -m 

the constant Ki(n, ,m) 
2 = A i  and use the abbreviations (17\ i J  

in (16) is found from (21)-(23) and (1) 

The radial functions 2Ri in the outer regions are thus completely 

determined by (12), (16) and (24). The corresponding expressions in 

. 
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t h e  overlap reg ion  S can b e  obtained by means of t h e  l i n e a r  r e l a t i o n  

(A8) between t h e  four  s o l u t i o n s  (A3) of t h e  d i f f e r e n t i a l  equat ions (A2) 

on t h e  c r i t i c a l  l i n e s  (A4) (see f igu re  1). These l i n e s  correspond 

e x a c t l y  t o  t h e  boundaries  Li sepa ra t ing  t h e  reg ions  Si from So , 
bu t  t h e  

can be appl ied .  I n  (18) w e  can t ransform 

depends, i n t o  a l i n e a r  combination of 

(A6) ,  but  t h e  r e s u l t i n g  s e r i e s  are i n  gene ra l  d ivergent .  

i n  which (A6) l eads  t o  an expression which can be u s e f u l l y  i n t e r p r e t e d  

without  recourse  t o  contour in t eg ra t ion ,  are those  i n  which t h e  i n i t i a l  

series te rmina tes ,  i . e .  where M o r  ,d i s  a non-posi t ive i n t e g e r ;  then  

(A6) shows t h a t  one of t h e  s e r i e s  i n  t h e  new v a r i a b l e s  has ze ro  c o e f f i c i e n t  

and t h e  o t h e r  te rmina tes .  Applying t h i s  argument t o  t h e  set (18) w e  

f i nd  w e  can d e a l  w i t h  two cases: 

0 

2Rw must be brought t o  a common set  of v a r i a b l e s  be fo re  (A8) 

s o l e l y  
j j  ' On which 2Rj yii and vij by means of 

The only cases 

n (A) n is a non-negative even i n t e g e r ;  then  r i s  a n a l y t i c  

throughout and can be represented by a f i n i t e  expansion common t o  a l l  

reg ions ;  t h e  va lue  of i i n  (18) and (19) i s  immaterial, and t h e  r e s u l t  

can b e  expressed i n  a form involving only p o s i t i v e  powers of t h e  r 
S 

(B) n i s  an odd in t ege r  2 -1 ; then  

Now s i n c e  R = R on Ls(s = 1,2,3) , 
(19) can be determined from (24) and (A8) 

2 0  2 s  i n  K o i t  t h e  c o e f f i c i e n t s  

lead ing  t o  
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The expression (27a) is meaningless (0.00) i f  > %*n ; neve r the l e s s  

(27b) i s  va l id  f o r  a l l  va lues  of e and m s a t i s f y i n g  (6b) and ( 9 ) ;  

t h e  r e s u l t  could f i r s t  be der ived  f o r  

even number f o r  t h i s  d i f f i c u l t y  t o  d isappear  and then  be extended by 

repeated a p p l i c a t i o n  of ( l l b ) .  

+ w 

n r a i s e d  by a s u f f i c i e n t l y  l a r g e  

3. Discussion of Resu l t s  

As i n  11, i t  is convenient t o  f a c t o r i z e  t h e  express ion  f o r  t h e  

func t ions  2R in ( 5 )  i n  t h e  form 

where t h e  cons tan t  2K' i s  independent of n and t h e  va lues  of r 

and comprises t h e  complete dependence on 

by t h e  writer is  

S 
m . The s e l e c t i o n  p re fe r r ed  
hr 

where t h e  Ia are Gaunt's coe f f i c i en t s "  def ined  i n  (23),  o r  i f  t h e  

un-normalized 3j-symbols def ined  i n  (26) and (29) of H a n d  t h e  abbrevia-  

t i o n s  (17) are used 

The second f a c t o r  2R' i n  (28) d i f f e r s  according t o  t h e  reg ion  Sw ; 

ih the%uter"  reg ions  Si we obtain from (12), (16), (17) and (24) 

I n  t h e  overlap reg ion  So , t h e  express ions  f o r  2R' are v a l i d ,  accord- 
i ng  t o  t h e  d i scuss ion  of t h e  previous chapter ,  only i f  is an i n t e g e r  n 



r e) 

(B) n odd > -1 ; then according t o  (18),  (19), (26) and 
rz~.inomsrf h f - r s r f q a  nl bsbnsqxs 9 ~ 8  7 anilismuf 4th 31 

(27) 

sphere  o r  of (normalized) 3j-symbols 'ti&. ''p97ffi483 ., and 'II f e f l C a  ",'j@. 
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The u i n  application of the expressions derived i n  t h i s  paper is 

l i ke ly  t o  be the  evaluation of integrals  for  the interact ion between 
two %hargen d i r t t i bu t ions  referred t o  d i f fe ren t  or igins  and in t e rac t in s  
with a negative power of the  distance 

I f  the functionr 1 are expanded i n  spherical  harmonica 

tha expmrion f o r  IQ1Q21n ir given by (5) and (28)-(M), except fo r  
a fac tor  (0)'' i n  each term as discussed i n  the introduction and by 
Carlaon ud Rurhbrooke The orthogonality of the functions 
leads t o  r t r a igh t fona rd  integrations over the angles for  coplpIon valuea 
of (1 , ""1 , t2 , 3 , and the  resu l t s  have t o  be s u m d  over a l l  
colgatible valuer of I, . The spherical  harmonics of 0, and 

uo beat lrft unnorP.1ir.d even i f  the expansion (36) is given i n  
1 

aonulisd h a r ~ o n i c r ;  in par t icu lar  for  the case considered by Buehler 
.ad t l l t o ~ h f e l d e r ~ ,  O3 O , Y. have A = 1 (ai3 = 0)  , A 

lo r  n = -1 the  r e r u l t r  in the  outer regions have been known 
from previour ~ o r i r ~ - ~ ;  f o r  other negative integer values of n and 
8, 9 0 an expanoion har been derived by Prigopine" by means of the 
appropriate Gegenbruer polynomialrl , which were then re-expanded i n  
t e r u  of rpherical  harmonica; the resu l t ing  expressione are val id  i n  
tb. re8ion 83 only, though th io  l imitat ion has not been noticed by 
hi8wlrw. The ctmplete malyrir of the expansionr fo r  general valuer 
of n and .03 = o , which i q l t e s  8 rummation wer d, i n  (IS), l e d r  
to .xprerrionr fo r  the r ad ia l  factors  which Involve more camplicated 
functiona th.a the App.11 polynomials ured i n  the prerent paper, 8nd 

for th io  rrrron W i l l  not be dircurred here. 

&tan for *8' i n  (31) rrd (33) 

3 

'Ips 

O (m3 + 0) 

' 

m a a ~ ~ = - a ~ a a ~ m m  8 9 4 + t k w b ~  

1. hino l ine ,  The Uolecular Theory of Solutions (lorth-Eoll&nd 
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pt s 4 (2 e. - 1) ! ! r. J rk 4 1 

2 i  R' = (-I (21j*1)!!(21k*l)!! r C;+r t r  c.  .tfi d i 

in agreement with previous ~ o r k ~ - ~ ,  and 'for the overlap region 

(37) 

k k where (2k)!! = 2 k! , (2k-l)!! = 2 (S), (cf. (43) of I); the function 
F4 in (38) represents a polynomial of degree A + 1 in 5 and 

or 2( A+1) in (r,la) and (r,!a) . By substituting (29), (30) and 
(38) into ( 5 )  with the special value 

of (2) instead of a , and summing over t3 the writer has been able 
to reproduce and extend the list of coefficients tabulated by Buehler 

7 '  
b,  = 0 , using the harmonics 0 

and Hirschfelder 596 . 
The lack of an expansion for n < -1 valid within So is a 

serious limitation to the applicability of the method to molecular 

problems; it precludes its use for the evaluation of relativistic 
corrections to Coulomb energies, for which n = -2 , or of van der Waals 
energies (n = -6) for interpenetrating or even closely approaching 

elongated distributions. The existence of expansions valid in S for 
fractional n appears doubtful because of the highly complicated 

branch points of the function 2KA corresponding to the physical 

singularity at r = 0 . On the other hand if the relation 

0 

where d3 is the three-dimensional Dirac delta function,? is applied 
to (37) and (38), an expansion for 

and (28)-(33) with 
$ is obtained, analogous to (5) 



R!( d,!) = 0 , i = 1,2 ,3  
2 1  L* 

I n  con t r a s t  o t  (31) and (33) ,  t he  func t ions  

along t h e  boundaries  

i n  tu rn ,  be appl ied  t o  

expansion f o r  .'(A3) would have t o  be supplemented by l i n e  i n t e g r a l s  

taken along t h e  Li , and correspondingly f o r  h igher  d e r i v a t i v e s .  

Even i n  such cases ,  where t h e  complete expansion is known i n  

2 R n ( & )  are d iscont inuous  

Ls ; hence, a l though t h e  Laplacean opera tor  could, 

l 3  , any i n t e g r a l  making use  of such an 

So , 
i t s  use  f o r  t h e  numerical  eva lua t ion  of i n t e g r a l s  may g ive  r ise  t o  

cons iderable  d i f f i c u l t i e s .  The j o i n t  degree i n  rl  and r2 of t h e  

terms i n  R' 2 0  

may be p o s i t i v e  as w e l l  as negat ive ;  on t h e  o t h e r  hand f o r  l a r g e  

values  of (rl+r2) t h e  func t ions  cannot i nc rease  f a s t e r  than  wi th  

t h i s  sum r a i s e d  t o  t h e  n- th  power. Hence f o r  n = -1 a l l  those  

terms i n  a given 2RA wi th  a cons tan t  va lue  of w 2 0 must con ta in  

t h e  f a c t o r  (rl-r2)*I , which i n  view of (4) remains bounded. If, 
the re fo re ,  an at tempt  i s  made t o  eva lua te  t h e  i n t e g r a l s  i n  (35) and 

(36) t e r m ,  by term over  t h e  expansions f o r  l / r  i n  (12) and (13), 
w e  ob ta in  repea ted  i n t e g r a l s  of t h e  form 
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with  l i m i t s  corresponding t o  t h e  boundaries of S These terms are 

l i k e l y  t o  be l a r g e s t  f o r  l a r g e  and 9 but  w i l l  add up t o  a s m a l l  

sum when sumed,over  cons tan t  values  of w 

of any numerical  method employed. 

f i r s t  c a l c u l a t e  2RA(-l,!) 
by a s u i t a b l e  two-dimensional quadrature  formula. This  i s  bound t o  be 

more cumbersome than t h e  repeated i n t e g r a t i o n  i n  (42) and a l s o  

n e c e s s i t a t e s  knowledge of recur rence  formulas by which R can be  

computed f o r  l a r g e  from values  wi th  small P without  loss  of 

accuracy; 

not  only those  involv ing  3 func t ions  as suggested by Appel17 ' 8  j but  even 

numerical ly  u s e f u l  formulas involving 4 o r  more terms. 

0 

thereby reducing t h e  accuracy 

To avoid t h i s  d i f f i c u l t y  w e  could 

over a g r i d  i n  S and eva lua te  t h e  i n t e g r a l s  
cc 0 

0 

rv 4 

t h e  writer has been unable t o  d e r i v e  such recur rence  formulas,  

The use fu lness  of t h e  two-center expansion f o r  molecular i n t e g r a l s  

would thus  appear l imi t ed  t o  t h e  fol lowing s p e c i a l  cases :  

(a) The expansion f o r  f 1  and f 2  only extend t o  s m a l l  

va lues  of 

For  t h i s  case o t h e r  methods are ava i l ab le ,  bu t  t h e  present  approach 

seems t o  be compet i t ive  i n  s i m p l i c i t y  and e f f i c i e n c y .  

!, i .e .  t h e  change d i s t r i b u t i o n s  are atomic (Coulomb i n t e g r a l s ) .  

(b) Compared wi th  t h e  d i s t a n c e  r3 = a , $1 and p2 are 

s u f f i c i e n t l y  concent ra ted  so t h a t  t h e  integrand becomes n e g l i g i b l e  

o u t s i d e  t h e  reg ion  S3 . 
most oonvenient method f o r  t h e  eva lua t ion  of t h e  i n t e g r a l s ;  i t s  use fu lness  

could be increased cons iderably  by numerical  methods f o r  t h e  approximate 

eva lua t ion  of small, bu t  not  n e g l i g i b l e  con t r ibu t ions  from t h e  reg ion  

I n  t h i s  case t h e  two-centre expansion i s  t h e  

so 
(c) The func t ions  f1 and f 2  are of such a na tu re  t h a t  t h e  

i n t e g r a l s  over S of t h e i r  products w i th  t h e  2RA can be evaluated 

a n a l y t i c a l l y ;  t h i s  approach again n e c e s s i t a t e s  t h e  extablishment of 

recur rence  r e l a t i o n s  i n  t h i s  case f o r  t h e  i n t e g r a l s .  For exponent ia l  

func t ions  

0 

1 
Q t h i s  method w i l l  be t r e a t e d  i n  a sepa ra t e  paper. 

I n  a r ecen t  paper Fontana13 has sketched a two-center expansion 

analogous t o  (27a) of I, which i s  independent of t h e  reg ion  Si , bu t  

l3 P. R. .Fontana, J. Mathematical Physics,  2, 825 (1961). 
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2 2  in t roduces  powers of (r12+r2 +r3 ) i n  t h e  denominator. The e x p l i c i t  

formulas are not  given by Fontana, and f o r  t h e  reasons d iscussed  a t  t h e  

end of Sec t ion  3 of I1 t h e  writer cons iders  t h a t  t h e  expansion w i l l  

involve func t ions  of  g r e a t e r  complexity than  those considered i n  t h e  

p re sen t  series of papers.  

More r e c e n t l y ,  Chiu14 has der ived  some of t h e  r e s u l t s  of t h i s  

paper by means of i r r e d u c i b l e  t enso r  a lgebra.  

f o r  which t h e  func t ions  depend on t h e  angles  of 

8 ,  = 0 ; a complete a n a l y s i s  of such cases  would r e q u i r e  t h e  use  of 

6j-symbols and has been purposely postponed by the  wri ter .  

Chiu a l s o  cons iders  cases  

r2 +z3  - r provided 
Iv -1 

4. An Expansion Theorem f o r  Arb i t r a ry  Funct ions f ( r )  

As i n  I and 11, t h e  formula (31) f o r  t h e  func t ions  *R; i n  t h e  

o u t e r  regions,  though not  (33) f o r  

form. For t h e  f a c t o r  i n  t h e  genera l  t e r m  of (31) and (8) which depends 

on n w e  o b t a i n  

2RA , can be  put  i n  an ope ra t iona l  

Hence i f  we expand any func t ion  

power s e r i e s  i n  $ w e  ob ta in  i n  
f ( r )  

'i 

which can be represented  as a 

i n  analogy t o  (5) ,  (28) and (29) 
1 

where 

c 
: I. 

1 1 K x ( 2 4  ! ! (2v) ! ! ( 2  (.+2u+l) ! ! ( 2Ck+2v+l) ! ! 
3 

- - - - - -  
l4 Y. N. Chiu, To be publ ished.  
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or using modified spherical Bessel functions i (x) e 

(4 6 )  
As in I and 11, this expression factorizes if f(r) is a spherical 

Bessel function 

then in view of (56 )  - (60) of I ' 
A 

and for the modified Bessel function f(r) = io(Kr) 

and for the modified Bessel function of the second kind f(r) = ko(Kr) 

For jo and i , which are even functions of the argument, the expan- 
sion is invariant on permuting (i,j,k) 
in So ; for the other Bessel functions, the writer has been unable 

to find the expression appropriate to 

0 

and is therefore also valid 

so 
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F4 Appendix: P r o p e r t i e s  of t h e  Appell Funct ions 

Appell 's  func t ion  F 4  as def ined  i n  (8) r ep resen t s  a polynomial 

i n  2 and 7 of degree I a I o r  i f  p o r  1 i s  a non- 

p o s i t i v e  in t ege r .  I n  a l l  o t h e r  case  F4 i s  an i n f i n i t e  series which 

converges f o r  va lues  5 such t h a t  
and 1 

f o r  o the r  values  of t he  v a r i a b l e s  t h e  func t ion  can be def ined  i n  terms 

of contour i n t e g r a l s  (c f .  ( B  5.7.44) and ( B  5.8.9,13)). They s a t i s f y  

t h e  p a i r  of d i f f e r e n t i a l  equat ions  ( B  5.9.12) 

This  set has, i n  general ,  four  l i n e a r l y  independent s o l u t i o n s  
8 

(P  52 of 1, 

but  t h e  four  independent s o l u t i o n s  of systems such as (A3) become 

l i n e a r l y  dependent w i t h  cons tan t  c o e f f i c i e n t s  on c e r t a i n  c r i t i c a l  

F4 t h e r e  ex i s t  a t  least  t h r e e  8 l i n e s  ( 12 of ) .  For any func t ion  

c r i t  i c k  l i n e s  15  

l5 p. Appell, J. des  Math. Pures e t  Appl. ,, 3rd series, l0, 407 (1884). 
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Li: Jr+J7 = 1 ; Lj: & - / I  = 1 ; Lk : f 7 -  i t  = 1 

( A 4 )  

which form sections of a single parabola 

For variations of E and 

2 = 2 [ E ,  7 (E)] taken as a function of 0 satisfies a third-brder 
ordinary differential equation, instead of a fourth-order one 4s’ along 

an arbitrary line; hence (A2) has only three linearly independent 
solutions on Li . 
the transformation (B 6.11.9) 

7 along Li , Appell has shown that 

I 

For the other lines, this dependence follows from 

and a corresponding transformation to 

explicitly stated the coefficients relating the functions (A3); the 

writer has been able to deduce them for restricted values of the param- 

eters only. Considering their behaviour near (1,O) and (O,l), we see 

that two of the functions are singular in the vanishing variable and 

two analytic (for fractional values of d and #’ ) ; regarded as func- 

tions of the other variable they are essentially hypergeometric series 

and since (B 2.1.14) 

(11 E, r/  f )  . Appell has not 

) > Re(oc+ ) , P 
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the only relation with constant Coefficients which can hold on the 

line L of ( 4 )  is 
S 

where 

€ s s  = 1 ; Est = -1 , s f t  , (A9 

The precise form of (A8) for the lines L and Lk follows from that 

for Li and (A6). On the other hand, a more careful investigation of 
the behaviour of F(a ,b; 1 ;x) near x = 1 (B 2.10.1) shows that 
(A8)is correct only if all the series terminate which appear with non- 

j 

vanishing coefficients; otherwise terms of the form (1-c) 9 -a -P 
enter into (A8) which do not add up to zero. 

8 Appell has also stated (p. 19 of ) that any three contiguous 

functions F4 satisfy a linear recurrence relation, a total of 28 

equations if only one parameter at a time changes by unity; but the 

writer has been unable to find the complete set of such relations in 

the literature or to derive it, and he doubts the validity of Appell's 

s t at emen t 16 . 
- - - - - -  
l6 Prof. Erdglyi (private communication) has concurred with this 

opinion 

Text to Figures 

Figure 1 The four regions Sw and , their boundaries 

as functions of r and r2 , 1 a 

- b as functions of and 

- 

7 *  
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a 

Figure la 
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Figure lb 


